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Abstract: In this paper, based on a new multiplication of fractional analytic functions, we study a problem involving
fractional exponential equation. We can find the solution of this problem by using some techniques. In fact, this
problem is a generalization of the traditional exponential equation problem.
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I. INTRODUCTION

Fractional calculus includes the derivative and integral of any real order or complex order. In the past few decades, fractional
calculus has gained much attention as a result of its demonstrated applications in various fields of science and engineering
such as physics, biology, mechanics, electrical engineering, viscoelasticity, dynamics, control theory, modelling,
economics, and so on [1-11].

In this paper, based on a new multiplication of fractional analytic functions, a problem involving fractional exponential
equation is studied. Using some methods, the solution of this problem can be obtained. On the other hand, our result is a
generalization of the ordinary exponential equation result.

I1. PRELIMINARIES
Definition 2.1 ([12]): If x and a,, are real numbers for all k, and 0 < a < 1. Suppose that the function f,: [a, b] - R can

be expressed as an a-fractional power series, that is, f,(x%) = Xy, - (kz"ﬂ)x"“, then we say that f,(x%) is a-fractional

analytic function.
In the following, a new multiplication of fractional analytic functions is introduced.

Definition 2.2 ([13]): Suppose that 0 < a < 1. Let f,(x%*) and g, (x*) be two a-fractional analytic functions,

ag ag 1 ®k
fa(x%) = Xk 0F(ka+1) =2i= 0% (F(a+1)xa) ' @
by 1 ®k
9a(x%) = Xy= om = Xk=o (r(a+1)x ) ’ @
Then
fa(x®) ® ga(x®)
_ \'oo ak xk k
= Zk=o T(katD) ~ Q- °F(ka+1)x ‘
k
=y OWH)( K o (m) Qembm ) X ®)
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Equivalently,
fa(x*) & go(x©)

®k Rk
ay 1 by 1
=2 () ® Zioit (™)

I'(a+1) I(a+1)

= fo:o% (Zrkn=0 (Tl:l) ak—mbm) (F(;ﬂ) x“)®k . (4)

Definition 2.3 ([14]): If 0 < a <1, and f,(x%), g.(x*) are two a-fractional analytic functions. Then (fa(x“))®" =
fo(x®) Q - Q f,(x%) is called the nth power of f,(x%). On the other hand, if f,(x*) & g,(x*) =1, then g, (x%) is

called the ® reciprocal of £, (x%), and is denoted by (fa(x“))®_1.

Definition 2.4 ([15]): Let 0 < @ < 1, and f,(x%), g, (x*) be two a-fractional analytic functions,

®k
ay _ Voo ak ka — yoo Ak 1 zx)
fa(x%) = Xi=o r(ka+1)x Y=o k! (F(a+1)x ! ®)
ay — o by ka _ o ﬂ( 1 a)®k
Ja(x®) = X0 —r(ka+1)x = Yreo ! F(a+1)x . (6)

We define the compositions of f,(x*) and g, (x%*) by

(fe © ) 6% = fel(90(x) = Tio % (92 (x) ™", ™
and
(9a © ) @) = galfolx) = Bimo 2 (fu (x®) ™" ®)
Definition 2.5 ([16]): Let 0 < a < 1. If £, (x%), g, (x%) are two a-fractional analytic functions satisfies
(fe° (D) = (Ga © f) (D) = 1 x™ ©

Then f,(x%), g, (x*) are called inverse functions of each other.

Definition 2.6 ([16]): If 0 < a < 1, and x is a real number. The a-fractional exponential function is defined by

ka Rk
ay — oo X _yoo 1 1 a

Eo(x®) = 2= T(ka+1) Zi=o k! (F(a+1)x ) ' (10)
And the a-fractional logarithmic function Ln, (x%) is the inverse function of E, (x%).

Definition 2.7 ([17]): Let0 < a < 1. If u,(x%), w,(x%) are two a-fractional analytic functions. Then the a-fractional
power exponential function u, (x*)®*«*® s defined by

g (xS = By (we (x%) @ Lng (1 (x))). (11)

Definition 2.8 ([18]): Let0 < a« < 1,and a, > 0,a, # 1. Then

1 a
a, T =Ea< : x“®Lna<aa))=Ea(Lna(aa>- ) (12)

I'(a+1) I'(a+1)
is called the a-fractional exponential function based on a, .
Definition 2.9 ([18]): Let 0 <a <1, and a, > 0,a, # 1. Then we define Log,, (x%) is the inverse function of
a,fbﬁxa . In particular, Log,,, (x®) = Ln,(x%).

Proposition 2.10 ([18]): If0 < a < 1,and a, > 0, a, # 1. Then

1 a 1 o 1 a 1 a
o, 8@ T@’”) = g O @q, Sar””. (13)
Loga,(x“®y®) = Loga,(x*) + Loga,(y*). (14)
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Il. MAIN RESULT
In this section, we solve a problem involving fractional exponential equation. At first, a lemma is needed.

Lemma 3.1: If 0<a <1, f,(x%), g,(x%) are two a-fractional analytic functions, f,(x*) >0, g,(x%) >0, and
fa(x%), go(x®) # 1, then

®-1
[L0ggaxe) (fax)]” = Logp, ey (9a(x)) - (15)
Proof Let Log, ) (foa(x®)) = @q(x®), then
Ga(x)BPED = f (x), (16)
Let Logy, (x4 (9a(x®)) = pa(x®), then
fo(x®)®PaD) = g, (x). (17)
Therefore,
[ 9a(x®)®0a) 2D = g (), (18)
Hence,
o (x®)BOal:D®Pa(xD] = g (ya)
Thus,
Pa(xV)®pa(x) = 1. (19)
That is,

[ (x ]8T = pa(x®) .
Finally, we get

[LOgga(X“)(fa(xa))]®_1 = Lnga(x“)(ga(xa)) .
Q.ed.

Problem 3.2: Let 0 < a <1, Py, G Te S, t, X,y be real numbers, p, > 0,q, > 0,7, > 0, and p,, 94, 7, # 1.1f the a-
fractional exponential equation holds:

1 a 1 a
pa®r(a+1)x — qa®r(a+1)y =r,. (20)
Find
®-1 ®-1
Lt a Lt a
s [F(cx+1)x ] ti [F(a+1)y ] ’ (21)
1 a
Solution Since pa®r<a+1)x = 1y, it follows that
®——x _
Logp, | Do T@+D =Logp, (r). (22)
That is,
e = Lo, (- 23)
By Lemma 3.1,
1 L1871
[F(a+1) X ] = Logra( Da)- (24)
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1
- . ——y%*
Similarly, since g, r@D” =1, we have

1 a
Logq, ( 4o “T@D” ) = L0gq, (1) (25)
Thus,
rarnY” = L0gq, (12)- (26)
Also by Lemma 3.1, we obtain
1 181
fasy] = Logr (a0 (27)
Finally, we get
® -1 1 ® -1
. a . a
s [r(a+1)x ] +i [F(a+1)y ]

=5-Log,,(pe) + t-Log,,(qq)

= Log,,(ps°) + Logr,(4a")

= Log,, (P’ * 4a") - (28)
IV. CONCLUSION

Based on a new multiplication of fractional analytic functions, this paper studies a problem involving fractional exponential
equation. In fact, the fractional exponential equation is a generalization of ordinary exponential equation. Using some
techniques, we can obtain the solution of this problem. In the future, we will continue to use the new multiplication of
fractional analytic functions to solve the problems in fractional differential equations and applied mathematics.
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